We compute the decay constants for the heavy-light pseudoscalar mesons in the quenched approximation and continuum limit of lattice QCD. Within the Schrödinger Functional framework, we make use of the step scaling method, which has been previously introduced in order to deal with the two scale problem represented by the coexistence of a light and a heavy quark. The continuum extrapolation gives us a value f Bs = 192(6)(4) MeV for the B s meson decay constant and f Ds = 240(5)(5) MeV for the D s meson.
Introduction
The amount of CP violation occurring in the in the Standard Model depends upon the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix. This is explored through the so called Unitarity Triangle Analysis [1, 2, 3] that requires a deep theoretical understanding of the B mesons decay properties, given the increasing accuracy of the B-factory experiments (for a recent review see [4] ). A crucial quantity, the B meson decay constant f B , has already been calculated by means of different techniques: Heavy Quark Effective Theory (HQET) [5, 6, 7] QCD Sum Rules [8, 9, 10, 11, 12, 13, 14] and lattice QCD (LQCD).
The latter moves from first principles and has to face the problem of properly accounting two largely separated energy scales, i.e. the heavy and light quark masses. This imposes stringent limits on the values of the lattice bare parameters: the lattice spacing has to be small enough to allow a good description of the highly localized heavy quark, and the number of lattice points has to be large enough to accommodate the widely spread light quark. A direct calculation would require lattice sizes of the order 100 4 points. These limits are too much demanding for present supercomputers, even in the quenched approximation, and in the case of full QCD also for the next generation supercomputers. To overcome these difficulties, different strategies have been adopted (see [15, 16] for recent reviews).
One way consists in working with propagating heavy quarks with masses in the region of the physical charm quark and to extrapolate the results to the b-quark, using HQET scaling laws [17, 18, 19, 20, 21, 22] . The systematic errors in these calculations are dominated by the uncertainty on the functional form to be used in the extrapolation, depending in turn upon the limits of validity of HQET when applied to the c-quark. Another method comes from the non-perturbative matching of lattice QCD and HQET in the static limit [23, 24] . Other possibilities are offered by the Non Relativistic approximation (NRQCD), where the heavy quark mass expansion is taken in the operators as well as in the Lagrangian [25, 26] , and by the Fermilab approach [27] , where one expands in the mass of the propagating heavy quark in lattice units. All these methods give results with systematic errors that makes them fully compatible within the error bars [15, 16] .
In a previous publication [28] we have introduced a new method to perform the determination of f B and, more generally, to face two scales problems in lattice QCD. The so called step scaling method [15] has been applied to give a first numerical result for this quantity at fixed lattice spacing and, in [29] , to perform the first calculation of the b-quark mass in the continuum limit of quenched lattice QCD. The idea behind the method consists in using a QCD propagating b-quark on a small volume, calculating the finite volume effects on the heavy-light decay constants and, finally, using the very mild dependence of these effects upon the heavy quark mass, to obtain a final result in a large volume.
In this paper we extrapolate our results to the continuum by repeating the various steps of the previous calculation at different lattice spacings and fixed physical quantities. The major assumption undergoing our method, i.e. that the finite size effects on an heavy-light observable have a milder dependence upon the heavy quark mass than the quantity itself, is shown to hold in the continuum limit.
The general features of the method are described in sec. 2, in sec. 3 we set the notations, the numerical results are presented in sec. 4. Conclusions are drawn in sec. 6.
Overview of the method
A detailed explanation of the method can be found in [29] ; here we shortly review the basic features in order to set the notations.
A non-perturbative determination of the heavy-light decay constants from lattice QCD should take into account the masses of a heavy and a light propagating quark. The step scaling method faces the challenging requirements discussed above by adopting a two-step strategy. As a first step, the decay constant is computed on a small volume, where the light quark is squeezed, and the heavy quark propagates with a high resolution. At this stage, the mass of the heavy quark can be raised up to very large values, with controlled discretization errors, and the decay constant can be directly simulated at the physical heavy quark mass. As a second step, the finite size effects of this calculation are removed by evolving the decay constant toward large volumes. The evolution is realized according to the identity
where the basic ingredient is the ratio of the decay constants computed on two different volumes at the same values of the mass parameters
Throughout the paper we refer to the step scaling function in the continuum limit as σ (greek lowercase) and to the step scaling function at finite lattice spacing as Σ (greek uppercase).
This quantity represents a non-perturbative calculation of the finite volume effects. In principle, its dependence on the quark masses can be very different from the one of the decay constants themselves. In effects, it has been shown [28] that the σ-ratio's are characterized by a very slight linear dependence upon the inverse of m h , due to cancellations of additional heavy quark mass dependences between the numerator and the denominator of eq. (2). This suggests a concrete way to connect the finite volume decay constant to physical volumes:
• given a couple of physical volumes (L k−1 , L k ) and a finite lattice spacing a, the step scaling function is simulated on the lattice for a set of heavy and light quark masses. In order to identify the quark mass on a finite volume, a RGI quark mass scheme is adopted [30, 31] and units are fixed through the r 0 scale [32, 33] . Throughout the paper we fix r 0 = 0.5 fm. The light quark masses are kept around the strange mass throughout the whole procedure. , according to the heavy flavors of the meson.
• As a starting value for the finite volume, we chose to set L 0 = 0.4 fm. This allows to reach a volume L 2 = 1.6 fm, after just two evolution steps, which is adequate to accommodate the heavy-light mesons at the physical values of the light quark masses.
In order to match subsequent steps, the knowledge of the bare coupling g 0 (a) as a function of the lattice spacing is required at very small couplings. The problem has been recently addressed in [34] and solved by a renormalization group analysis.
Observables
The step scaling function is calculated within the SF [35, 36] , which has already been applied to a number of different finite size problems [37, 31, 38, 39, 24] . The lattice topology is T × L 3 with periodic boundary conditions on the space directions and Dirichlet boundary conditions along time. We use the following set of parameters
where C and C ′ represent the boundary gauge fields and θ is a topological phase which affects the periodicity of the fermion in the space directions. Lattice discretization is performed using non-perturbative O(a) improved clover action [40] and operators. In order to set the notation, let
be the axial current and the pseudoscalar density (i and j are flavor indices). The improvement of the axial current is obtained through the relations
where∂ µ = (∂ µ + ∂ * µ )/2 and ∂ µ , ∂ * µ are the usual forward and backward lattice derivatives respectively. For what concerns the improvement coefficients c A , we use the non-perturbative results of [40] . The correlation functions used to compute the meson decay constants are defined by probing the previous operators with appropriate boundary quark sources
where ζ i (y) and ζ i (y) can be considered as quark and anti-quark boundary states.
The renormalization of the axial current is realized according to the following relation
here am is the bare quark mass defined as
The renormalization constant Z A has been computed non perturbatively in [41] . For the improvement coefficient b A we use the perturbative results quoted in [42] (at the values of the bare coupling, β ≃ 7.0, used in the numerical simulations the one-loop contribution to b A differs from the tree-level of 10%).
The so-called bare current quark masses are defined through the lattice version of the PCAC relation
These masses are connected to the renormalization group invariant (RGI) quark masses, according to the definitions given in [30] , through a renormalization factor which has been computed non-perturbatively in [31] :
where am i is defined in eq. (8).
The combination b A − b P of the improvement coefficients of the axial current and pseudoscalar density has been non-perturbatively computed in [43, 44] . The factor Z M (g 0 ) is known with very high precision in a range of inverse bare couplings that does not cover all the values of β used in our simulations. We have used the results reported in table (6) of ref. [31] to parametrize Z M (g 0 ) in the enlarged range of β values (5.9, 7.6).
The RGI mass of a given quark is obtained from eq. (10) using the diagonal correlations
From non-diagonal correlations in eq. (10) one obtains different O(a) improved definitions of the RGI i-quark mass for different choices of the j-flavor:
All these definitions must have the same continuum limit because the dependence upon the j-flavor is only a lattice artifact. Further, for each definition we use in eq. (9) either standard lattice time derivatives as well as improved ones [43, 44] .
Another non-perturbative O(a) improved definition of the RGI quark masses can be obtained starting from the bare quark masŝ
where the improvement coefficient b m and the renormalization constant
have been non-perturbatively computed in ref. [43, 44] .
Equations (11), (12) and (13) give us different possibilities to identify the valence quarks inside a given meson (fixed by the values of the bare quark masses). The procedure is well defined on small volumes because the RGI quark mass is a physical quantity that does not depend upon the scale, given in the SF scheme by the volume, and is defined in terms of local correlations that do not suffer finite volume effects. Each pair m (11), (12) and (13) , and leads to values of the corresponding decay constants differing by O(a 2 ) lattice artifacts. We take advantage of this plethora of definitions by constraining in a single fit the continuum extrapolations (see Figure [1,3,6] ).
The meson masses are extracted from the so-called effective mass
where F X is one of the correlations defined in (6) . Correspondingly, the meson decay constants are defined as
where F 1 is the boundary-to-boundary correlation needed in order to cancel, in the ratio, the renormalization constants of the boundary quark fields:
We want to stress that our choice of defining the decay constant in the middle of the lattice, x 0 = T /2, does not introduces other length scales than L into the calculation. Indeed we take T = 2L and the step scaling technique (see eq. (1)) connects x 0 = L min , where the decay constant has been defined on the smallest volume, with x 0 = L max , where one expects to be free from finite volume effects.
Numerical simulations
In this section we report, step by step, the results of the calculations. [29] . An additional heavy quark has been simulated with mass 4.00 GeV. Three light quark have been simulated with RGI masses of 0.14 GeV, 0.10 GeV and 0.06 GeV. Using the accurate determination of the RGI strange quark mass given in [45] we have fixed one of the simulated light quarks to be the physical s. We will combine this finite volume calculations with the ones of the step scaling functions to provide results for the heavy-light decay constants with light quarks around the the strange in the continuum and on the large volume. All the parameters of the five different simulations are summarized in Table [1] .
We have obtained different set of data by using the different definitions of the RGI quark masses given in the equations (11), (12) and (13) . The continuum results are thus obtained trough a combined fit of all the set of data, (11), (12) and (13) . For each definition the two points at largest lattice spacing has been shown but not included in the fit. Units are in GeV.
linear in (a/r 0 ) 2 , as shown in Figure [ 1] in the case of the bs meson. For each set of data we have included in the fit the three points nearest to the continuum obtaining a global χ 2 /dof = 0.89 to be compared with the χ 2 s of each individual definition listed in the figure. At this small volume, we are in a region of small bare couplings (g 2 0 ∼ 0.85) where it is legitimate to use perturbative values for the improvement coefficient b A . The systematics introduced in the calculation by the continuum extrapolations have been estimated repeating the fits linear in (a/r 0 ) 2 including, for each set of data, only the two points nearest to the continuum. We find a deviation leading to a corresponding systematic error of the order of 1% that will be given to the results on the large volume added in quadrature with an error of about 2% coming from the uncertainties on the lattice spacing and on the renormalization factors. The latter have been evaluated by moving the points as a consequence of the change, within the errors, of the lattice spacings and of the renormalization constants and by repeating the whole analysis.
The numbers we obtain are:
The errors quoted at this stage are statistical only, evaluated by a jackknife procedure.
Due to the compression of the low energy scale, these results are higher than the large volume ones obtained after the step scaling functions multiplication (11) and (13) . Units are in GeV. Similar plots can be obtained for the other combinations of quark masses used in our simulations.
chain (see eqs. (21), (22) and (23)).
First evolution step (L
The finite volume effects on the decay constants calculated on L 0 , are measured by doubling the volume, L 1 = 0.8 fm, and by using the step scaling function of eq (2). lattice points in each direction.
The simulated quark masses have been halved with respect to the masses simulated on the small volume in order to have the same amount of the discretization effects proportional to am. The set of parameters for the simulations of this evolution step is reported in Table [ in Figure [2] . As can be seen, Σ(L 0 ) is almost flat in a region of heavy quark masses starting around the charm mass. The hypothesis of low sensitivity upon the high-energy scale is thus verified. The value of the step scaling functions for the s quark are obtained trough linear interpolation. In Figure [ 3] are reported the results of the continuum extrapolation of the step scaling function, Σ(L 0 ), of the pseudoscalar hs meson corresponding to the heaviest quark simulated in this step (m RGI h = 3.55 GeV). The residual heavy mass dependence of the continuum extrapolated step scaling functions is very mild, as shown in Figure [ 4] in the plot of σ Bs as a function of the inverse quark mass. The continuum results are linearly extrapolated at the values of the heavy quark masses used in the small volume simulations.
The numbers we get at this step are:
The step scaling functions are free from the systematic errors coming from uncertainties on Z A and b A since the multiplicative improvement and renormalization factors cancel exactly in the ratio, being the numerator and the denominator evaluated at the same lattice spacing.
In order to have the results on a physical volume, L 2 = 1.6 fm, a second evolution step is necessary. This is done computing the step scaling functions (11) and (13) . Units are in GeV. Similar plots can be obtained for the other combinations of quark masses used in our simulations.
of eq. (2) at L = L 1 , by the procedure outlined in the previous section. The parameters of the simulations are given in Table [ 3] .
Also in this case, the values of the simulated quark masses have been halved with respect to the previous step, owing to the lower values of the simulation cutoffs. Even if we are lowering again the values of the quark masses, the linear extrapolations at the values of the heavy quark masses used on the small volume appears to be still valid and under control; see Figure [5, 7] . The value of the step scaling functions for the s quark are obtained trough linear interpolation. The numbers for this step are:
Physical results
In this section we combine the results of the small volume with the results of the step scaling functions to obtain, according to eq. (1), the physical numbers. In the end, we get:
The first error is statistical while the second one is our estimate of the systematics due to the uncertainties on the continuum extrapolations, on the scale and on the renormalization factors, as already discussed in sec. 4.1. Note that our value for f Ds agrees with the average of dedicated calculations performed on large volumes [15, 16] . This validates our choice of stopping at L = 1.6 fm that, of course, can be explicitly checked to be safe by performing further evolution steps. Using the strategy outlined in the previous sections, we have calculated also the decay constant of the B c meson. The result we obtain is f Bc = 347(5)(8) MeV (22) that represents the first determination of this quantity from quenched lattice QCD.
The chiral behavior of heavy-light pseudoscalar decay constants has been shown [46, 47, 48, 49] to contain logarithmic terms (χ-logs) that are diverging in the chiral limit, at variance with the unquenched case where these terms only affect the form of the extrapolation. In Figure [8] we show the chiral extrapolations for the continuum heavy-light pseudoscalar decay constants. The data corresponding to the different values of the parameter Λ have been extrapolated using the parametrization suggested in [49] . As can be seen from the figure, the presence of the unphysical quenched χ-logs make the extrapolations unreliable down to the u-quark mass while the strange region seems to be dominated by a linear behavior. Nevertheless, in the literature values extrapolated linearly in the light quark mass have been quoted. For a historical comparison we can quote our own: 
that differ by a large factor from the unreliable values obtained from the fits shown in Figure [ 8] because of the diverging χ-logs. The numbers quoted above should then be retained for an historical comparison only and should not be quoted as the results of the quenched approximation.
Conclusions
In this work we have calculated the B s -meson decay constant in the continuum limit of quenched lattice QCD. The results are obtained through a finite volume recursive procedure where the heavy quark masses have been obtained, using the same method, in a previous work.
The main achievement of this computation with respect to our previous determination of the same quantities are the extrapolations to the continuum limit. Our systematic errors are due to the extrapolations to the continuum and to the physical heavy quark masses. An additional unknown systematics comes from the quenched approximation that is believed to produce visible effects on the meson decay constants. The known pathological behavior of quenched χ-QCD does not allow us to quote a quenched value for f B .
Upcoming new powerful super-computers will make affordable straight calculations of lattice b-physics without recursive methods but still in the quenched approximation. In this scenario our method could provide the opportunity of studying unquenched b-physics and/or to deal with other demanding two-scales problems. Table 3 Simulation parameters for the first evolution step L 1 → L 2 = 1.6 fm. The RGI quark masses are obtained using eq. (11).
